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SELMER GROUPS OF ELLIPTIC CURVES IN DEGREE p EXTENSIONS
JULIO BRAU
Abstract. We study the growth of the Galois invariants of the p-Selmer group of an
elliptic curve in a degree p Galois extension. We show that this growth is determined
by certain local cohomology groups and determine necessary and sufficient conditions
for these groups to be trivial. Under certain hypotheses this allows us to give necessary
and sufficient conditions for there to be growth in the full p-Selmer group in a degree p
Galois extension.
1. Introduction
Let K be a number field and E/K an elliptic curve defined over K. For a positive integer
n, the n-Selmer group of E over K is defined by
Seln(E/K) = ker
(
H1(K,E[n]) −→
∏
v
H1(Kv, E(Kv))
)
where v runs over all places of K, and E[n] denotes E(K)[n]. For p an odd prime, let
L/K be a Galois extension of degree p with Galois group G. Then there is a natural action
of G on the p-Selmer group of E/L, denoted by Selp(E/L). In this paper we discuss the
size of Selp(E/L)G. Growth of the p-Selmer group in Galois extensions has been studied
by several authors, often with the aim of obtaining unboundedness results for the Tate-
Shafarevich group (see [Bar10], [Bar13], [Č12], [Klo05], [KS03]). Indeed, the unboundedness
of dimFp X(E/Q)[p] has been shown for primes p 6 7 or p = 13 (see [Cas64], [Fis01], [Kra83]
and [Mat07]). In [Mat09], Matsuno showed that as E varies over elliptic curves over Q, the
Fp-dimension of the Tate-Shafarevich group, and in particular the p-Selmer group of E over
a fixed cyclic degree p extension of Q can be arbitrarily large.
In this paper we will primarily be concerned with studying the growth of the p-Selmer
group of an elliptic curve in a degree p Galois extension, and in particular determining
the exact Fp-dimension of the Galois invariants of the p-Selmer group. As an example in
[Dok07], Tim Dokchitser analyzes the growth of the 3-Selmer group of X1(11) in cubic
extensions of the form K( 3
√
m), where K = Q(ζ3). He shows that the 3-Selmer group grows
if and only if 11|m or there exists a prime v of K such that v|m and E˜(kv)[3] 6= 0. This
is done by applying a formula of Hachimori and Matsuno for the λ-invariant in p-power
Galois extensions (Theorem 3.1 of [HM99] and Corollaries 3.20, 3.24 of [DD05]). If we let
K = Q(ζp), this same method can be applied to give necessary and sufficient conditions for
having growth of the p-Selmer group in extensions of the form K( p
√
m) for elliptic curves
with ordinary reduction at primes above p satisfying certain additional conditions, among
them having trivial p-Selmer group over K and trivial cyclotomic Euler characteristic.
As a corollary of our main result, we give necessary and sufficient conditions for having
growth of the p-Selmer group in the same setting as above, however without any assumption
on the Euler characteristic and without requiring ordinary reduction above p. Indeed, our
results are mainly concerned with computing the exact Fp-dimension of Selp(E/L)G as best
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as we can, as opposed to questions of unboundedness. This is illustrated by the following
simpler version of our main result, for which we establish the following notation.
Let E/Q be an elliptic curve over the rationals with j-invariant j := j(E/Q). Let ℓ be a
prime at which E has semistable reduction and m a positive integer. Let s > 0 be such that
ℓs‖m, that is, such that m = ℓsd with d coprime to ℓ. Since E is semistable at ℓ it follows
that we may write j = ℓ−n ab with n a positive integer and a and b coprime to ℓ. Then define
(1) uℓ,m := dn
(
a
b
)s
.
Theorem 1.1. Let p be an odd prime and E a semistable elliptic curve over Q with good
reduction at p. Let K = Q(ζp) and suppose that Selp(E/K) is trivial. Consider the family
of p-extensions Lm = K( p
√
m). Then
dimFp Selp(E/Lm)
Gal(Lm/K) =
∑
v
δv
with v running over all primes of K and the δv are given by the following table:
Reduction type of E at v v ramified in Lm/K v inert in Lm/K v split in Lm/K
good ordinary, v|p δv =
{
1 or 2 if E˜(kv)[p] 6= 0
0 otherwise
δv = 0
good supersingular, v|p δv =
{
p− 2 if p | m
0 otherwise
δv = 0
good, v ∤ p δv = dimFp E˜(kv)[p] δv = 0
split multiplicative, v ∤ p δv =
{
1 if u
qv−1
p
ℓv,m
≡ 1 mod ℓv
0 otherwise
δv =
{
1 if p | cv
0 otherwise
δv = 0
nonsplit multiplicative, v ∤ p δv = 0
Here cv is the Tamagawa number of E/Kv, ℓv is the prime in Q below v and qv is the size of the residue field of Kv.
We remark that the sum given in the theorem is finite, as there are only finitely many
v such that v is ramified in Lm/K or p|cv, and δv = 0 for all other primes. Note also that
the contribution of the δv coming from primes v|p of good supersingular reduction grows
arbitrarily large with p, and this is the only type of reduction for which this phenomenon
occurs. This theorem essentially follows from the more general scenario of considering
arbitrary Galois extensions of degree p. However in the more general setting, we are only
able to obtain upper and lower bounds for the contribution of supersingular primes to the
Fp-dimension of Selp(L/K)G. In order to state the more general case we use the following
notation. Suppose L/K is a Galois extension of degree p with Galois group G, and let w be
a prime of L. Then denote by πw a uniformiser for the completion Lw. Let σ be a generator
for G, and set tw = ordw(σ(πw) − πw) − 1. Recall then that tw is the largest index for
which the higher ramification group of Lw/Kv is non-trivial, where v is a prime of K below
w. When v is (totally) ramified in L, then tw is related to the discriminant ∆L/K via the
formula
(tw + 1)(p− 1) = ordv(∆L/K).
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For more details see section 3.3. Now suppose v ∤ p and E has semistable reduction at v.
Then we may write Lw = Kv( p
√
πv) where πv is a uniformiser inKv (see section 5.1). Writing
Ov for the ring of integers of Kv, we let uv be the unit in Ov such that j(E/Kv) = π−mv uv,
where −m = ordv(j(E)).
Theorem 1.2. Let p be an odd prime and E a semistable elliptic curve over a number field
K with good reduction at all primes above p. Let L/K be a Galois extension of degree p.
Suppose also that Selp(E/K) is trivial. Then
dimFp Selp(E/L)
Gal(L/K) =
∑
v
δv
where the δv are as in Theorem 1.1, except for the following two cases:
(i) If v ∤ p is a prime of split multiplicative reduction, we have that
δv =
{
1 if u
qv−1
p
v ≡ 1 mod πv
0 otherwise
.
(ii) If v|p is a prime of good supersingular reduction, we have that
δv = 0⇐⇒ tw = 1
where w is a place of L above v. Further, for tw > 2 we have
fv 6 δv 6 min{fv(tw − 1), [Kv : Qp] + 2}
where fv is the inertia degree of v in K/Q.
Corollary 1.3. Under the assumptions of Theorem 1.2, we have that Selp(E/L) is trivial
if and only if δv = 0 for all v.
Example 1.4. Let E/Q be the elliptic curve 17a1 in Cremona’s database. It is given by
the Weierstrass equation Y 2 + XY + Y = X3 − X2 − X − 14. Denote K = Q(ζ3). This
curve satisfies E(K) ≃ Z/4Z and #X(E/K)[3] = 1, hence Sel3(E/K) is trivial. Let us use
Theorem 1.1 and Corollary 1.3 to determine necessary and sufficient conditions for there
to be change in 3-Selmer in extensions of the form Lm = K( 3
√
m). First note E has good
supersingular reduction at 3 and split multiplicative reduction at 17. Since qv = 172 and
u17,m is already defined over Q, it follows that
u
qv−1
3
17,m ≡ 1 (mod πv),
hence there is 3-Selmer growth in every extension K( 3
√
m) for all cube-free m divisible by
17. It follows from Theorem 1.1 and Corollary 1.3 that Sel3(E/Lm) is trivial if and only if
the following conditions are satisfied:
(i) 3 ∤ m.
(ii) 17 ∤ m.
(iii) There does not exist a prime v of K such that v|m and E˜(kv)[3] 6= 0.
Note that there are infinitely many cube-free m satisfying the above three conditions and
hence there are infinitely many extensions of the form Lm such that rk E/Lm = 0. We
remark that there are also infinitely many v such that E˜(kv)[3] 6= 0. This can be seen for
example by considering primes which split completely in K(E[3]). Incidentally this shows
that dimF3 Sel3(E/Lm) is unbounded as m varies over cube-free integers. The first few
primes v for which E˜(kv)[3] 6= 0 are the primes above 11, 19 and 29.
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Remark 1.5. Note that the conditions obtained in the previous example are compatible
with what is predicted by the global root number. Indeed, for m divisible by 17 parity
predicts that rk E/Q( 3
√
m) is odd and hence positive. It follows that the rank and hence
3-Selmer should grow in every extension of the form K( 3
√
m) for cube-free m divisible by
17, which is what we had previously obtained.
The idea of the proofs is to relate the Fp-dimension of the Galois invariants of Selmer to
the sum of the Fp-dimensions of certain local cohomology groups which will be introduced
in section 4. This is accomplished using a result of Mazur and Rubin which uses Cassels-
Poitou-Tate global duality. Indeed, using this we obtain that
dimFp Selp(E/L)
G =
∑
v
δv
where the δv are the Fp-dimensions of the above mentioned local cohomology groups. Section
5 is almost entirely devoted to computing the Fp-dimensions of these local cohomology
groups which in many cases is equivalent to computing local norm indices. Of course the δv
depend heavily on the type of reduction of E at v as well as the splitting behavious of v in
L. In section 3 we study the local norm map of formal groups in cyclic Galois extensions, as
this is used in section 5 to bound the δv coming from supersingular primes. Theorem 1.2 is
proved in section 5, along with Corollary 1.3. As mentioned earlier, Theorem 1.1 essentially
follows from Theorem 1.2, except that because of the nature of the extensions considered
there we are able to obtain more precise information. In section 6 we finish the proof of
Theorem 1.1.
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2. Background and notation
In this section we recall some properties of Selmer groups of elliptic curves (see e.g. [Sil09],
§X), as well as establish some notation.
If K is a number field we will write GK for the absolute Galois group Gal(K/K). For
G a profinite group and A a discrete G-module, we write Hn(G,A) to denote the coho-
mology groups of G formed with continuous cochains. As usual, if A is a GK -module, we
write Hn(K,A) to denote the cohomology group Hn(GK , A), and sometimes we will write
Hn(L/K,A) to denote Hn(Gal(L/K), A). We will use inf, res and cor to denote the in-
flation, restriction and corestriction maps of cohomology, respectively. For M an abelian
group and n a positive integer, we write M [n] to denote the n-torsion subgroup of M , that
is, the subgroup of elements of M annihilated by n. If M is a torsion abelian group and p
is a prime, we denote by M [p∞] = ∪nM [pn] the p-primary component of M .
As mentioned in the introduction, the n-Selmer group of E over K is defined by
Seln(E/K) = ker
(
H1(K,E[n]) −→
∏
v
H1(Kv, E(Kv))
)
.
The n-Selmer group fits into the exact sequence
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0 −→ E(K)/nE(K) −→ Seln(E/K) −→X(E/K)[n] −→ 0.
Proposition 2.1. Let p be a prime let S be a finite set of primes of K containing all
archimidean primes, all primes dividing p and all primes where E has bad reduction. Then
Selp(E/K) = ker
(
H1(KS/K,E[p]) −→
∏
v∈S
H1(Kv, E(Kv))[p]
)
.
where KS denotes the maximal extension of K unramified outside S.
Proof. This is [Mil06] §I, Corollary 6.6. 
Proposition 2.2 (Cassels-Poitou-Tate). Let E, S and K be as above. Then there is an
exact sequence
Selp(E/K) −−−−→ H1(KS/K,E[p]) −−−−→
∏
v∈SH
1(Kv, E(Kv))[p]y∏
v∈S H
2(Kv, E(Kv))[p] ←−−−− H2(KS/K,E[p]) ←−−−− ̂Selp(E/K)ŷ
E(K)[p] −−−−→ 0.
Proof. See for instance [CS00] §1.7. 
Proposition 2.3. Let G be a pro-p-group and A a G-module which is uniquely divisible by
p. Then
Hi(G,A) = 0
for all i ≥ 1.
Proof. The exact sequence
0 −→ A[p] −→ A −→ A −→ 0
yields an exact sequence of cohomology groups
Hn(G,A[p]) −→ Hn(G,A) p−→ Hn(G,A) −→ Hn+1(G,A[p]).
Since A is uniquely divisible by p we have that A[p] is trivial and so we obtain an isomorphism
[p] : Hn(G,A)
∼−→ Hn(G,A),
hence Hn(G,A) is uniquely divisible by p for all n. But G is a pro-p-group and so every
element of Hn(G,A) is annihilated by some power of p for n ≥ 1 so the result follows. 
3. The norm map on formal groups
In this section we will analyse the cokernel of the norm map of formal groups in cyclic
degree p extensions.
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3.1. Generalities on formal groups. For this section we let K be a finite extension of
Qp with residue field k and normalized valuation vK . We denote its ring of integers by OK
and its maximal ideal by mK . Let F be a one-dimensional commutative formal group law
defined over OK . Recall this is given by a power series F ∈ OK [[X,Y ]] which satisfies the
following properties:
(i) F (X,Y ) = F (Y,X)
(ii) F (X, 0) = F (0, X) = X
(iii) F (X,F (Y, Z)) = F (F (X,Y ), Z)
As usual, we define a group operation on the set mK by
x⊕F y = F (x, y)
and we denote the corresponding abelian group by F(mK). When there is no risk of confu-
sion we will omit the subscript F from ⊕F .
Define Fn(X1, . . .Xn) ∈ OK [[X1, . . . , Xn]] inductively by
F2(X1, X2) = F (X1, X2), Fn+1(X1, . . . , Xn+1) = F (F (X1, . . . , Xn), Xn+1).
Then given a positive integer n, the multiplication by n map on F(mK) is simply given by
the power series [n]F(X) = Fn(X, . . . , X). Consider the multiplication-by-p map [p]F(X) =
Fp(X, . . . , X) mod mK . Recall that (see [Sil09]) the height of F , denoted ht(F) is the largest
integer h such that [p]F (X) ≡ g(Xph) mod mK for some power series g(X) ∈ OK [[X ]],
where we set h =∞ if [p]F (X) ≡ 0 mod mK .
3.2. The norm map of a formal group. Let L be a finite Galois extension of K with
Galois group G = {σ1, . . . , σn}. Then we also have an abelian group structure on mL defined
using F as above, and we denote this group by F(mL). Recall that there is natural action
of G on F(mL) and that the norm map is defined by
NFL/K : F(mL) −→ F(mK)
x 7−→ σ1(x) ⊕ · · · ⊕ σn(x).
The following lemma, which appeared in [Haz74], will be quite useful when studying the
norm map on formal groups. In order to state it we need some notation. Given a monomial
M = Xr11 . . .X
rn
n in the variables X1, . . . , Xn, define
Tr(M) = Xr11 · · ·Xrnn +Xr12 · · ·Xrn−1n Xrn1 + · · ·+Xr1n · · ·Xrnn−1.
Lemma 3.1. Let (F , F ) be a formal group as above with height h <∞. Then
(2) Fn(X1, . . . , Xn) = Tr(X1) +
∞∑
i=1
ai(X1X2 · · ·Xn)i +
∑
M
aMTr(M)
where M runs over all monomials of degree at least 2 which are not of the form (X1 · · ·Xn)i.
If in addition n = p, then vK(ai) > 1 unless i = kp
h−1 with k = 1, 2 . . . , and vK(ai) = 0
when i = ph−1.
Proof. Equation (2) follows from the fact that Fn(X1, . . . , Xn) = Fn(Xσ(1), . . . , Xσ(n)) for
every permutation σ of {1, . . . , n}. The second statement follows directly from the definition
of height, since reducing mod mK gives something of the form g(Xp
h
). 
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Corollary 3.2. Let L/K be a finite Galois extension of degree n, and let TrL/K and NL/K
denote the usual trace and field norm. Then for all x ∈ F(mL) we have
NF(x) ≡ TrL/K(x) +
∞∑
i=1
aiNL/K(x)
i mod TrL/K(x
2OL).
If n = p then the ai satisfy the same statements as in Lemma 3.1.
Proof. By definition we have NFL/K(x) = Fn(σ1(x), . . . , σn(x)), so the result follows from
Lemma 3.1. 
3.3. Norm map of formal groups in cyclic extensions. As beforeK is a finite extension
of Qp and (F , F ) is a one-dimensional commutative formal group law over OK . Denote by
fK the inertia degree of K over Qp, that is, the dimension of k as an Fp-vector space. Let
L/K be a cyclic totally ramified Galois extension with G ≃ Z/pZ. Let σ be a generator of
G and put t = vL(σ(πL)− πL)− 1. Then the ramification groups of G are
G = G0 = · · · = Gt
{1} = Gt+1 = · · ·
where G0 is the inertia group of L/K. Since L/K is totally ramified of degree p, it is wildly
ramified and hence t > 1. Denote by D = DL/K the different, and let m be defined by the
equation
D = mmL .
Then it is known (see for example [Ser79], §IV.3) that m = (t+ 1)(p− 1). Note since L/K
is totally ramified, m also equals ordK(∆L/K) and we have the following lemma.
Lemma 3.3. Let n > 0 be an integer, and set r = ⌊(m+ n)/p⌋. Then
TrL/K(m
n
L) = m
r
K .
Proof. Since the trace is K-linear, it follows that TrL/K(mnL) is an ideal of OK . Also, by
definition of the different we have
TrL/K(m
n
L) ⊂ mrK ⇐⇒ mnL ⊂ D−1mrK = mpr−mL ⇐⇒ r 6 (m+ n)/p.

We now give a necessary and sufficient condition for the norm map to be surjective in the
case where the height of the formal group is at least 2. For this we will need the following
lemma, which is essentially the same as Lemma 2 in [Ser79] §V.1.
Lemma 3.4. Let A,B be abelian groups filtered by subgroups A = A1 ⊃ A2 ⊃ · · · , B =
B1 ⊃ B2 ⊃ · · · such that A is complete with respect to the topology defined by the An
and
⋂
Bn = {0}. Let u : A → B be a homomorphism and suppose there exist indices
t1 < t2 < · · · such that u(Ati) ⊂ Bi and the induced maps Ati → Bi/Bi+1 are surjective for
all i > 1. Then u is surjective.
Proof. Let b ∈ B1. Then there exists a1 ∈ At1 and b2 ∈ B2 such that u(a1) = b− b2. By the
same argument there exists a2 ∈ At2 and b3 ∈ B3 such that u(a2) = b2 − b3. Continuing in
this manner we obtain a sequence a1+a2+ · · · which converges to a ∈ A since A is complete.
For each n > 1 we have that u(a1+a2+ · · ·+an−1)−b = −bn ∈ Bn and a′ =
∑∞
i=n ai ∈ Atn ,
so it follows that
u(a)− b = u(a1 + · · ·+ an−1 + a′)− b
= u(a1 + · · ·+ an−1)− b+ u(a′)
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is in Bn. We conclude u(a)− b ∈
⋂
Bn = 0, hence u(a) = b. 
Proposition 3.5. Suppose F has height h > 1, and let t = vL(σ(πL)− πL)− 1. Then
NFL/K(F(mL)) = F(mK)⇐⇒ t = 1.
Moreover, for t > 2 we have
fK 6 dimFp F(mK)/NFL/K(F(mL)) 6 min{fK(t− 1), [K : Qp] + h}
Proof. We show first that F(mtL) surjects via the norm onto F(mtK). Note that by Lemma
3.3 we have TrL/K(mtL) = m
t
K and TrL/K(m
t+1
L ) = m
t+1
K . Hence we may set ti = (i− 1)p+ t
for i > 1. Then again by the lemma the ti satisfy
(i) TrL/K(m
ti
L) = m
t+i−1
K
(ii) TrL/K(m
ti+1
L ) = m
t+i
K .
Using Corollary 3.2 and the fact that h > 1 we obtain
NF (x) ≡ TrL/K(x) mod mt+iK
for all x in F(mtiL ). It follows that the induced maps F(mtiL ) → F(mt+i−1K )/F(mt+iK ) are
surjective for all i > 1, and the claim follows from Lemma 3.4.
From this we immediately obtain that the norm map is surjective for t = 1. Now suppose
that t > 2. Then keeping the above notation we have m > 3p− 3 and hence by Lemma 3.3
we have TrL/K(mL) ⊂ m2K . Let x ∈ F(mL). Then by Corollary 3.2 and using that h > 1
we conclude NF (x) ∈ F(m2K), hence NFL/K(F(mL)) ⊂ F(m2K). It follows then that
dimFp F(mK)/F(m2K) 6 dimFp F(mK)/NFL/K(F(mL)).
But
F(mK)/F(m2K) ≃ mK/m2K ,
which is a vector space over the residue field k of degree 1, hence the left hand side of the
inequality. For the right hand side, note that from the claim it follows that NFL/K(F(mL)) ⊃
F(mtK) and hence
dimFp F(mK)/NFL/K(F(mL)) 6 dimFp F(mK)/F(mtK)
which has Fp-dimension fK(t− 1) by the same argument as before. Finally, recall that for
K a finite extension of Qp, we have an isomorphism of abelian groups
F(mK) ≃ Z[K:Qp]p × T
where T is a finite group such that T/pT has Fp-dimension at most h. The result then
follows from the fact that pF(mK) ⊂ NFL/K(F(mL)). 
Note that since G is a cyclic, F(mK)/NFL/K(F(mL)) is equal to H2(G,F(mL)). We now
end this section with a result which will be useful when computing Selmer ranks of elliptic
curves.
Proposition 3.6. Suppose F and L/K are as in this section. Then
H1(G,F(mL)) ≃ H2(G,F(mL)).
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Proof. Because both groups are Fp-vector spaces, it suffices to show that the Herbrand
quotient
hG(F(mL)) = #H
2(G,F(mL))
#H1(G,F(mL))
is equal to 1. In order to show this, recall that for large enough n the formal logarithm
induces an isomorphism F(mnL) ∼−→ Ĝa(mnL) with the additive formal group on mL. This
isomorphism is G-equivariant since F is defined overK. Thus we have a short exact sequence
of G-modules
0 −→ Ĝa(mnL) −→ F(mL) −→ C −→ 0
where C is finite. By a well-known property (see for example [Ser79], §VIII.4) of the Her-
brand quotient one has
hG
(F(mL)) = hG(Ĝa(mnL))hG(C).
Finally, we know that for n divisible by p we have Ĝa(mnL) ≃ OL as G-modules and OL is
an induced G-module, hence hG
(
Ĝa(mnL)
)
= 1. Also hG(C) = 1 as C is finite. We conclude
then that hG(F(mL)) = 1, and this completes the proof. 
4. Twisted Selmer groups of elliptic curves
Let K be a number field and p an odd prime. For E an elliptic curve defined over K,
recall that E[p] is a 2-dimensional Fp-vector space with a continuous GK-action and with a
perfect, skew-symmetric, GK-equivariant self-duality
E[p]× E[p] −→ µp.
A Selmer structure F on E[p] is a collection of subspaces H1F (Kv, E[p]) for every prime v of
K such that for all but finitely many v we have H1F(Kv, E[p]) = H
1(Kurv /K,E[p]
Iv) where
Kurv denotes the maximal unramified extension of Kv and Iv is the inertia group. Given
Selmer structures F and G on E[p], define Selmer structures F + G and F ∩ G by
H1F+G(Kv, E[p]) = H
1
F(Kv, E[p]) +H
1
G(Kv, E[p])
H1F∩G(Kv, E[p]) = H
1
F(Kv, E[p]) ∩H1G(Kv, E[p]).
Given a Selmer structure F on E[p] define the Selmer group by
H1F (K,E[p]) = ker
(
H1(K,E[p]) −→
∏
v
H1(Kv, E[p])/H
1
F (Kv, E[p])
)
.
Example 4.1. For each v in K let H1F(Kv, E[p]) = im(λE,v), where
λE,v : E(Kv)/pE(Kv) −→ H1(Kv, E[p])
is the Kummer map. Then by Lemma 19.3 of [Cas65], H1F (Kv, E[p]) = H
1(Kurv /K,E[p])
for all v such that v ∤ p and E has good reduction at v. With this Selmer structure given
on E[p] we have that H1F(K,E[p]) = Selp(E/K) is the usual p-Selmer group as defined in
section 1.
Let L/K be a Galois extension of number fields of degree p with Galois group G such
that G is generated by σ. Denote by ResLKE the Weil restriction of scalars of E from L to
K. Then for every K-algebra X there is an isomorphism, functorial in X ,
(3) (ResLKE)(X) ≃ E(X ⊗K L).
The action of G on E(X ⊗K L) induces a canonical inclusion Z[G] →֒ EndK(ResLKE) (see
for instance section 4 of [MRS07]). Let O be the ring of integers of the cyclotomic field of
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pth roots of unity, and p the maximal ideal of O. Let A be the twist of E by the irreducible
rational representation of G corresponding to L. Hence A is the abelian variety denoted EL
in Definition 5.1 of [MRS07]. If we let
NL/K =
∑
g∈G
g ∈ Z[G]
then it follows from Proposition 4.2 in [MRS07] that
E = ker(σ − 1) ⊂ ResLKE, A = ker(NL/K) ⊂ ResLKE.
Hence, A is an abelian variety of dimension p − 1 over K, and it is the kernel of the map
NL/K : Res
L
KE → E. We also have from Theorem 3.4 of [MR07] that the following holds:
(i) The inclusion Z[G] →֒ EndK(ResLKE) induces a ring homomorphism Z[G]→ EndK(A)
that factors
Z[G]։ O →֒ EndK(A)
where the first map is induced by the projection in (3.2) of [MR07].
(ii) For every commutative K-algebra X , the isomorphism of (3) restricts to an isomor-
phism, functorial in X ,
A(X) ≃ {x ∈ E(X ⊗K L) :
∑
g∈G
(1⊗ g)(x) = 0}.
Proposition 4.2. There is a canonical GK-isomorphism A[p]
∼−→ E[p].
Proof. This is Proposition 4.1 of [MR07]. 
Using Proposition 4.2 we may define another Selmer structure A on E[p] as follows. Let
π be a generator for p. For every place v of K let
λA,v : A(Kv)/πA(Kv) →֒ H1(Kv, A[p])
denote the Kummer map and set H1A(Kv, E[p]) to be the image of λA,v composed with the
isomorphism of Proposition 4.2. For each place w of L, let H1F ′(Lw, E[p]) be the image of
the Kummer map
E(Lw)/pE(Lw) →֒ H1(Lw, E[p]).
Lemma 4.3. Let v be a prime of K, and w a prime of L above v. If res denotes the
restriction map
H1(Kv, E[p]) −→ H1(Lw, E[p])
then we have that ker(res) ⊂ H1F+A(Kv, E[p]).
Proof. Note that there is nothing to prove if v splits completely in L, so suppose there is
one prime w of L above v. It is equivalent to show that the image of the inflation map
H1(Lw/Kv, E(Lw)[p]) −→ H1(Kv, E[p])
is contained in H1F+A(Kv, E[p]). The short exact sequence
0 −→ E[p] −→ (ResLKE)[p] σ−1−−−→ A[p] −→ 0
induces the exact sequence in cohomology
(4) 0 −→ A(Kv)[p]
(σ − 1)((ResLKE)(Kv)[p]) f−−→ H1(Kv, E[p]) g−−→ H1(Kv, (ResLKE)[p]).
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Note that (ResLKE)(Kv) ≃ E(Kv ⊗ L) = E(Lw), hence we may identify A(Kv) with the
elements x ∈ E(Lw) such that NLw/Kv (x) = 0}. We have then isomorphisms
A(Kv)[p]
(σ − 1)((ResLKE)(Kv)[p]) ≃ H1(Lw/Kv, E(Lw)[p]),
H1(Kv, (Res
L
KE)[p]) ≃ H1(Lw, E[p])
where the first isomorphism follows from G being cyclic and the second one is by Shapiro’s
lemma (see for instance the proof of Proposition 3.1 in [MR07]). Using these identifications
one sees that indeed the maps f and g in (4) are the usual inflation and restriction maps.
We now show that the image of f is contained in H1F+A(Kv, E[p]). To this end, let α ∈ O×
be such that απp−1 = p. Let P ∈ A(Kv)[p], and let Q1 ∈ A(Kv) be such that π(Q1) = P .
Set P ′ = απp−2P . Then P ′ ∈ A(Kv) hence (σ − 1) acts as π on it, so we obtain
(σ − 1)P ′ = π(P ′) = pP = 0
and it follows that P ′ ∈ E(Kv). Now let Q2 ∈ E(Kv) such that pQ2 = P ′. Finally, set
Q = Q1 − Q2 ∈ (ResLKE)(Kv)[p]. Then as Q2 ∈ E we have that (σ − 1)(Q2) = 0 and
so (σ − 1)(Q) = P . It follows that the image of P under f is represented by the cocycle
{Qg−Q} = {(Qg1−Q1) −(Qg2−Q2)}. This cocycle also represents λA,v(P )−λE,v(απp−2P )
which is contained in H1F+A(Kv, E[p]) and this completes the proof. 
Proposition 4.4. Let v be a prime of K and w a prime of L above v. Then
res−1
(
H1F ′(Lw, E[p])
)
= H1F+A(Kv, E[p])
Proof. The inclusion res−1
(
H1F ′(Lw, E[p])
) ⊃ H1F+A(Kv, E[p]) follows from considering the
following commutative diagram with exact rows
0 −−−−→ E(Kv)/pE(Kv) λE,v−−−−→ H1(Kv, E[p])y yres
0 −−−−→ E(Lw)/pE(Lw) λE,w−−−−→ H1(Lw, E[p])
and the corresponding one for A,
0 −−−−→ A(Kv)/πA(Kv) λA,v−−−−→ H1(Kv, E[p])yπp−2 yres
0 −−−−→ E(Lw)/pE(Lw) λE,w−−−−→ H1(Lw, E[p]).
For the reverse inclusion, we again suppose there is only one prime w of L above v, as
otherwise there is nothing to prove. Take x ∈ res−1(H1F ′(Lw, E[p])), so that res(x) ∈
H1F ′(Lw, E[p]). Then res(x) = λE,w(P ) for some P ∈ E(Lw). From the commutative
diagram
0 −−−−→ E(Kv)/pE(Kv) λE,v−−−−→ H1(Kv, E[p])xNLw/Kv xcor
0 −−−−→ E(Lw)/pE(Lw) λE,w−−−−→ H1(Lw, E[p])
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we obtain that
λE,v
(
NLw/Kv (P )
)
= cor
(
λE,w(P )
)
= cor(res(x))
= 0.
It follows that NLw/Kv (P ) = pQ for some Q ∈ E(Kv). Finally, set R = P − Q. Then
NLw/Kv (R) = 0 hence we may view R as an element of A(Kv). It follows that λA,v(R) +
λE,v(Q) − x is in contained in the kernel of res, and the result now follows from Lemma
4.3. 
5. Growth in Selmer groups
In this section we use the results of previous sections to study the growth of p-Selmer
groups in cyclic extensions. Assume for now that L/K is a finite Galois extension of number
fields and E/K is an elliptic curve over K. For v a (archimidean or non-archimidean) prime
of K we define Wv,L by
Wv,L = ker
(
H1(Kv, E(Kv) −→ H1(Lw, E(Lw))
)
,
where w is any place of L lying above v. As L/K is Galois, this definition is independent
of the choice of w. Also, if we set Gv = Gal(Lw/Kv) then by inflation-restriction we have
Wv,L ≃ H1(Gv, E(Lw)).
It follows from this that Wv,L is finite.
Suppose now that L/K has odd prime degree p, and let G = Gal(L/K). Let S be a
finite set of primes of K containing all archimidean primes, all primes above p, primes of
bad reduction of E and all primes ramified in L/K.
Lemma 5.1. For every prime v in K, we have Wv,L ≃ H1F+A(Kv, E[p])/H1F(Kv, E[p]).
Proof. Consider the commutative diagram with exact rows
0 −−−−→ E(Kv)/pE(Kv) λE,v−−−−→ H1(Kv, E[p]) β−−−−→ H1(Kv, E)y resy res′y
0 −−−−→ E(Lw)/pE(Lw) λE,w−−−−→ H1(Lw, E[p]) −−−−→ H1(Lw, E).
It is not hard to see β induces a map from H1F+A(Kv, E[p]) to Wv,L. Indeed, if x is
in H1F+A(Kv, E[p]) then by Proposition 4.4 we have that res
′(β(x)) = 0, hence β(x) ∈
ker(res′) = Wv,L. It is easy to see that this map is onto and its kernel is H1F (Kv, E[p]). 
Proposition 5.2. If Selp(E/K) is trivial, then
dimFp Selp(E/L)
Gal(L/K) =
∑
v∈S
dimFp Wv,L
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Proof. Using Propositions 1.3, 2.1 and 4.4 of [MR07] we obtain
dimFp H
1
F+A(K,E[p])/H
1
F∩A(K,E[p]) =
∑
v∈S
dimFp H
1
A(Kv, E[p])/H
1
F∩A(Kv, E[p])
=
∑
v∈S
dimFp H
1
F+A(Kv, E[p])/H
1
F(Kv, E[p])
=
∑
v∈S
dimFp Wv,L
where the third equality follows from Lemma 5.1. Now if Selp(E/K) is trivial, then so is
H1F∩A(K,E[p]). Also, by Proposition 4.4 we have that H
1
F+A(K,E[p]) = res
−1(Selp(E/L))
and res induces an isomorphism H1F+A(Kv, E[p]) ≃ Selp(E/L)Gal(L/K), and the result fol-
lows. 
Remark 5.3. We can also deduce Proposition 5.2 as follows. Let X ′ the image of the
restriction map H1(K,E[p]) → H1(L,E[p]). Then using inflation-restriction we have a
commutative diagram
0 −−−−−→ H1(G,E(L)[p]) −−−−−→ H1(K,E[p]) −−−−−→ X ′ −−−−−→ 0


yψ


yϕ


yϕL
0 −−−−−→
∏
v∈S
Wv,L[p] −−−−−→
∏
v∈S
H1(Kv, E)[p] −−−−−→
∏
v∈S
∏
w|v
H1(Lw, E)[p]
and so by the snake lemma we obtain an exact sequence
(5) 0 −→ kerψ −→ Selp(E/K) −→ X −→
(∏
v∈S
Wv,L[p]
)
/Imψ −→ cokerϕ,
where X = kerϕL. Note that here X is contained in Selp(E/L)G, and that X = Selp(E/L)G
if E(K)[p] = 0.
Suppose now that E has trivial p-Selmer group over K. Then ψ becomes the zero map
and by the Cassels-Poitou-Tate (Proposition 2.2) exact sequence we have that cokerϕ is
also trivial since it is isomorphic to a subgroup of ̂Selp(E/K), hence (5) becomes
Selp(E/L)
G ≃
∏
v∈S
Wv,L[p].
Hence in this setting to analyse the Fp-dimension of the G-invariants of p-Selmer it suffices
to know the Fp-dimensions of the local cohomology groups Wv,L for v ∈ S. The behaviour
of these groups will depend on the reduction type of the places as well as whether or not
they lie above p.
5.1. Fp-dimensions of Wv,L. For the remainder of the section assume thatE is a semistable
elliptic curve defined overK. In this section we study the behaviour ofWv,L for the different
v ∈ S. First note that when v is archimidean or is split in L then Wv,L is trivial, hence
we only consider inert and ramified primes. These cases are the content of the propositions
to follow. Continue to assume that L/K is a finite cyclic extension of number fields of odd
prime degree p. Let w be a prime of L above v. We will write kw and kv for the residue
fields of Lw and Kv, respectively, and we denote their sizes by qw and qv. Hence qw = qfvv
where fv is the inertial degree of v in L. Also, NLw/Kv will denote the norm map from Lw
to Kv. First we recall the following well-known result. We let E0(Lw) denote the subgroup
of E(Lw) consisting of points with non-singular reduction and E1(Lw) denote the kernel of
the reduction map E0(Lw)→ E˜ns(kw).
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Lemma 5.4. Let v be a place K and w a place of L above v, and set G = Gal(Lw/Kv).
Then there is an exact sequence of G-modules
0 −→ E1(Lw) −→ E0(Lw) −→ E˜ns(kw) −→ 0.
Proof. The exact sequence follows from [Sil09] §VII.2, Proposition 2.1. SinceE has semistable
reduction at v it follows that any minimal model for E overKv stays minimal over Lw, hence
all the groups in the sequence are G-modules. The result follows since the maps in the se-
quence are G-equivariant. 
Recall that if Ê is the formal group associated to the elliptic curve E, then there is an
isomorphism Ê(mKv) ≃ E1(Kv), and in what follows me will sometimes write Ê in place of
E1. Using this isomoprhism and Proposition 3.6 gives that
H1(G,E1(Lw)) = H
2(G,E1(Lw)).
In the next lemma we show the same thing holds for Wv,L.
Lemma 5.5. Keeping the notation of this section, we have
Wv,L ≃ H2(G,E(Lw)).
Proof. The argument is the same as that of Proposition 3.6. Lemma 5.4 gives the exact
sequence
0 −→ E1(Lw) −→ E0(Lw) −→ E˜ns(kw) −→ 0.
By what was just shown E1(Lw) has trivial Herbrand quotient, as does E˜ns(kw) since it is
finite, hence the same is true of E0(Lw). Finally there is an exact sequence
0 −→ E0(Lw) −→ E(Lw) −→ E(Lw)/E0(Lw) −→ 0
where E(Lw)/E0(Lw) is finite, and the result follows by the same argument. 
5.1.1. Case when v ∤ p. Keeping the notation of this section, let v be a prime in S which
does not divide p.
Proposition 5.6. Suppose that E has good reduction at v. Then
(i) If v is ramified in L, then
dimFp Wv,L = dimFp E˜(kv)[p].
(ii) If v is inert in L then Wv,L is trivial.
Proof. Let w be the prime of L above v, and set G = Gal(Lw/Kv), so that G is a cyclic
group of order p. Recall that Wv,L is isomorphic to H1(G,E(Lw)). By Lemma 5.4 we have
an exact sequence of G-modules
0 −→ E1(Lw) −→ E(Lw) −→ E˜(kw) −→ 0
which induces an exact sequence of cohomology groups
H1(G,E1(Lw)) −→ H1(G,E(Lw)) −→ H1(G, E˜(kw)) −→ H2(G,E1(Lw)).
Let ℓ denote the characteristic of kv. By [Sil09] §IV, Proposition 2.3 and §VII, Proposition
2.2 we have that E1(Lw) is uniquely divisible by p, as ℓ 6= p. It follows then from Proposition
2.3 that Hi(G,E1(Lw)) = 0 for i = 1, 2, and therefore we obtain
H1(G,E(Lw))
∼−→ H1(G, E˜(kw)).
For (i), as v is totally ramified in L, we have kw = kv and G acts trivially on it. Hence
H1(G, E˜(kw)) ≃ Hom(G, E˜(kv))
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and the result follows since G ≃ Z/pZ.
Part (ii) follows from Theorem 2 of [Lan56], which gives that H1(G, E˜(kw)) is trivial,
hence so is Wv,L. 
To deal with primes of split multiplicative reduction we introduce the following notation.
Let w be a prime of L above v. Then Lw/Kv is tamely ramified with Gal(Lw/Kv) ≃ Z/pZ,
hence by Lemma 1 of [Gre74], Kv contains a primitive pth root of unity so we may write
Lw = Kv( p
√
πv) where πv is a uniformiser in Kv. We then write uv for a unit in Ov such
that j(E/Kv) = π−mv uv, where −m = ordv(j(E)).
Proposition 5.7. Suppose E has split multiplicative reduction at v. Then
(i) If v is ramified in L, then
dimFp Wv,L =
{
1 if u
qv−1
p
v ≡ 1 mod πv
0 otherwise
(ii) If v is inert in L then
dimFp Wv,L =
{
1 if p | cv
0 otherwise
Proof. By Lemma 5.5 we have that
Wv,L ≃ H2(G,E(Lw))
and this in turn is simply E(Kv)/NLw/KvE(Lw) since G is cyclic. As E has split multi-
plicative reduction at v, there is a unique q ∈ Kv with q ∈ mKv such that E is isomorphic
over Kv to the Tate curve Eq(Kv) ≃ K×v /qZ. As these isomorphisms are compatible with
the action of Galois we obtain
Wv,L ≃
(
K×v /q
Z
)/
NLw/Kv
(
L×w/q
Z
)
.
Consider the commutative diagram
1 −−−−→ qZ −−−−→ L×w −−−−→ L×w/qZ −−−−→ 1yp yNLw/Kv yNLw/Kv
1 −−−−→ qZ −−−−→ K×v −−−−→ K×v /qZ −−−−→ 1
where the rows are exact. From local reciprocity we know that K×v /NLw/Kv(L
×
w) is Z/pZ
hence by the snake lemma we obtain
dimFp Wv,L =
{
1 if q ∈ NLw/Kv (L×w)
0 otherwise.
For part (i) let j = j(E/Kv), and recall ([Sil94], §V.5) that there is a series g(T ) =
T + 744T 2 + · · · ∈ Z[[T ]] such that
q = g
(
1
j
)
.
Now j = π−mv uv where m is a positive integer, and so
q = πmv (u
−1
v + · · · )
= πmv sv
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where sv ≡ u−1v mod πv. Also, since Lw = Kv( p
√
πv), it follows that πv ∈ NLw/Kv (L×w),
hence q is a norm from Lw if and only if sv is, and the result follows from the computation
of the tame Hilbert symbol, see the corollary to Proposition 8 in ([Ser79], §XIV).
For (ii), let π be any uniformiser forKv. Then as v is inert, under this choice of uniformiser
we may identify K×v with Z×O×v and L×w with Z×O×w , these identifications being compatible
with the action of Galois. It follows that under this identification, the field norm maps (m,u)
to (pm,NLw/Kv (u)) for m ∈ Z, u ∈ O×w . Finally, recall that in unramified extensions the
norm map is surjective on the units (see for instance [Ser79], §V.2, Proposition 3) hence we
obtain
q ∈ NLw/Kv(L×w)⇐⇒ p | ordv(q).
The result now follows from the fact that ordv(q) = cv (see proof of [Sil94], §V.4, Proposition
4.1). 
Proposition 5.8. Suppose E has non-split multiplicative reduction at v. Then Wv,L is
trivial.
Proof. The exact sequence
0 −→ E1(Lw) −→ E0(Lw) −→ E˜ns(kw) −→ 0
induces an exact sequence of cohomology groups
H1(G,E1(Lw)) −→ H1(G,E0(Lw)) −→ H1(G, E˜ns(kw)) −→ H2(G,E1(Lw))
and by the same argument as in Proposition 5.6 we obtain
H1(G,E0(Lw)) ≃ H1(G, E˜ns(kw)).
First suppose v is inert. Then again using Theorem 2 of [Lan56] we obtain thatH1(G,E0(Lw))
is trivial. Also, we have an exact sequence
0 −→ E0(Lw) −→ E(Lw) −→ E(Lw)/E0(Lw) −→ 0
which induces the exact sequence
H1(G,E0(Lw)) −→ H1(G,E(Lw)) −→ H1(G,E(Lw)/E0(Lw)).
As E has non-split multplicative reduction at v, it follows that the group E(Lw)/E0(Lw) is
of order at most 2, hence all the terms in the above sequence are trivial.
Now suppose v is ramified in L. Recall qv denotes the size of the residue field kv, where
qv is coprime to p. Then as v is ramified, it follows that p divides qv − 1. However E˜ns(kw)
is a group if size qv + 1, so H1(G, E˜ns(kw)) must be trivial, hence by the same argument as
above so is Wv,L.

5.1.2. Case when v | p. We now wish to study the groups Wv,L for primes v which divide
p. In this case the formal group E1(Lw) is not uniquely divisible by p, so its cohomology
groups are not necessarily trivial. The situation depends on the reduction type of E at
v, and results from section 2 will be useful particularly when E has good supersingular
reduction at v. The case of ordinary reduction was studied by Mazur and Rubin in [MR07].
We say that E has anomalous reduction at v if E˜(kv)[p] is non-trivial.
Proposition 5.9. Let E have good ordinary reduction at v. Then
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(i) If v is ramified in L, then
dimFp Wv,L =
{
1 or 2 if E has anomalous reduction at v
0 otherwise.
(ii) If v is inert in L, then Wv,L is trivial.
Proof. Part (i) follows immediately from Proposition B.2 in [MR07]. For part (ii), note that
by the same argument as above we have an exact sequence of cohomology groups
H1(G,E1(Lw)) −→ H1(G,E(Lw)) −→ H1(G, E˜(kw)) −→ H2(G,E1(Lw)).
where w is a prime of L above v. Denote by Ê the formal group associated to the elliptic
curve E. Now since v is unramified in L, the norm map on Ê is surjective and hence its
cohomology is trivial. Finally, again using Theorem 2 of [Lan56] we have that H1(G, E˜(kw))
is trivial and therefore the same thing is true of Wv,L.

Proposition 5.10. Suppose E has good supersingular reduction at v.
(i) Suppose v is ramified in L. Let w be the place of L above v, and let πL be a
uniformizer for the completion Lw. Set t = ordw(σ(πL)− πL)− 1. Then
dimFp Wv,L = 0⇐⇒ t = 1
Moreover, for t > 2 we have
fK 6 dimFp Wv,L 6 min{fK(t− 1), [K : Qp] + 2}.
(ii) If v is inert in L, then Wv,L is trivial.
Proof. Consider again the exact sequence of cohomology groups
E(Kv) −→ E˜(kv) −→ H1(G,E1(Lw)) −→ H1(G,E(Lw)) −→ H1(G, E˜(kw)).
As E has supersingular reduction at v we have p ∤ |E(kw)| and so H1(G, E˜(kw)) = 0. Also,
the map E(Kv)→ E˜(kv) is simply the reduction map, hence it is surjective. These together
imply that we have an isomorphism
H1(G,E1(Lw)) ≃ H1(G,E(Lw)) =Wv,L.
For part (i) Ê has height 2 as E has supersingular reduction at v, hence the result follows
from propositions 3.5 and 3.6. Part (ii) follows from the same reasoning as Proposition
5.9. 
Proof of Theorem 1.2. By Proposition 5.2,
dimFp Selp(E/L)
Gal(L/K) =
∑
v∈S
dimFp Wv,L.
If we let δv = dimFp Wv,L then the theorem then follows from propositions 5.6, 5.7, 5.8, 5.9
and 5.10 which compute the Fp-dimensions of Wv,L for the different primes in S. 
Proof of Corollary 1.3. By Lemma 1 in ([Ser79], §IX) we have that Selp(E/L) is trivial if
and only if Selp(E/L)Gal(L/K) is trivial, and the result follows. 
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6. Extensions of the form K( p
√
m)
In this section we will finish the proof of Theorem 1.1. Let then E be an elliptic curve
over Q. Consider the extension of E to K = Q(ζp) and let Lm = K( p
√
m). For a fixed m, if
v is a prime of K then again we let δv = dimFp Wv,Lm . We also denote by ℓv the prime of
Q below v, and set qv to be the size of the residue field of Kv. That is, if fv is the order of
ℓv (mod p), then qv = ℓfvv .
Note that most of the statement follows directly from Theorem 1.2, and the only state-
ments which need to be modified are those for primes v ∤ p of split multiplicative reduction
ramified in Lm, and primes v|p of good supersingular reduction ramified in Lm. This is done
in the two propositions below. To deal with the split multiplicative reduction case recall the
notation introduced in section 1. Let j denote the j-invariant of E and let v ∤ p be a prime
of K at which E has split multiplicative reduction. Note that since ℓv is unramified in K, it
follows that E has semistable reduction at ℓv. For each positive integer m let s > 0 be such
that m = ℓsd where d is coprime to ℓ. Since E is semistable at ℓv we may write j = ℓ−nv
a
b
with n a positive integer and a and b coprime to ℓv. Then we set
(6) uℓv,m := d
n
(
a
b
)s
.
Proposition 6.1. Let v be a prime of K such that E has split multiplicative reduction at
v. Then
δv =
{
1 if u
qv−1
p
ℓv,m
≡ 1 mod ℓv
0 otherwise
Proof. We have that δv = 1 if and only if the tame Hilbert symbol (m, q)v is equal to 1. We
argue as in the proof of part (i) of Proposition 5.7. We have that
q = g
(
1
j
)
= g
(
ℓnv
b
a
)
= ℓnv sv
where sv ≡ ba (mod ℓv). Now again a calculation using the corollary to Proposition 8 in
([Ser79], §XIV) gives the desired result. 
Now consider v a prime of K dividing p, and again we let δv = dimFp Wv,Lm which as we
have seen is equal to the Fp-dimension of H1(G,E1(Lw)), where E1 can be identified with
the formal group of E. The only thing left to show is that when considering extensions of
the form K( p
√
m), then δv = p − 2 if p | m, and equals 0 otherwise. This is shown in the
following proposition, which is done for general formal groups of height h > 1.
Proposition 6.2. Let F be a formal group over Qp of height h > 1. Let K = Qp(ζp) and
Lm = K( p
√
m). Then
dimFp F(mK)/NFLm/K(F(mLm)) =
{
p− 2 if p | m
0 otherwise
Proof. Let tm be the largest for which the higher ramification group of Lm/K is non-trivial.
Then one can show that tm = p− 1 when p | m and tm 6 1 otherwise. The rest of the proof
is a very slight modification of that of Proposition 3.5. Indeed, when p | m then tm = p− 1
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and so it follows by Proposition 3.5 that F(mp−1Lm ) surjects via the norm onto F(m
p−1
K ).
Recall from Corollary 3.2 that for x ∈ F(mLm) we have
NFLm/K(x) ≡ TrLm/K(x) +
∞∑
i=1
aiNL/K(x)
i mod TrLm/K(x
2OLm).
Also, since h > 1 then vK(ai) > vK(p) = p − 1 unless i = kph−1, since F is defined
over Qp. But by Lemma 3.3 we have that TrLm/K(mLm) = m
p−1
K and so it follows that
NFLm/K(F(mLm)) ⊂ F(m
p−1
K ). As we have already seen that the reverse inclusion holds, we
conclude that
NFLm/K(F(mLm)) = F(m
p−1
K ),
as desired. Finally, when p does not divide m we have that tm 6 1 and by Proposition 3.5
we have that
NFLm/K(F(mLm)) = F(mK).
This concludes the proof. 
Proof of Theorem 1.1. This follows immediately from Theorem 1.2 as well as propositions
6.1 and 6.2. 
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